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INTRODUCTION 
The Nevanlinna characteristic is an extremely potent tool in the study of 
the value distribution of meromorphic functions. It has been extended and 
generalized by various mathematicians. We give here a different generaliza- 
tion of the Nevanlinna characteristic, based on a Fourier series technique, 
and apply it to get some new results on value distribution. It is not intended 
that this paper be a comprehensive development of the new method, but 
that it will encourage others to further explore and develop it. 
The additional versatility of the generalized characteristic lies in the fact 
that it takes into account the angular distribution of the values of the function, 
whereas the Nevanlinna characteristic does not. This arises in the following 
way: The Nevanlinna approach is an analysis of Jensen’s formula for 
which expresses this integral in terms of the zeros and poles off, but in a way 
independent of their angular distribution. Now if we write 
log If(reie) 1 = f ck(y) eik6, 
k=-m 
where 
then there is a formula (see Lemma 2.11) for these Fourier coefficients ck 
in terms of the zeros and poles off. In case K = 0, this is just Jensen’s 
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formula, but for k # 0, the angular distribution enters also. Proceeding from 
these formulas, by way of Parscval’s relation, WL‘ obtain, for an arbitrary 




2x -n wq (log I SW”) I) no, 
where B is the complex conjugate of 13. Analyzing this formula in a way 
analogous to Nevanlinna’s analysis of Jensen’s formula, WC obtain the 
generalized characteristic, and analogues of the First Fundamental Theorem 
and the Second Fundamental Theorem of 1Nevanlinna. Rut we mav now 
choose B at will, and this leads to a number of new results. 
Some avenues of investigation left open are to develop the corresponding 
theory for entire functions, or for functions meromorphic in the full complex 
plane, to develop a Milloux theory for the generalized characteristic, and, as 
mentioned earlier, to find further applications for the method as presented 
here. We also have no clear idea what corresponds to the theory presented 
here in the case of other plane domains than the unit disc, or of other Riemann 
surfaces in general. A closely related method is given in [I] and [2], that is 
used to study functions meromorphic or entire in the full complex plane. 
In the first section, we present an analysis of the distribution of sequences 
of complex numbers in the open unit disc. The main motivation for this 
section is Lemma 2.11 and the applications that arc made of it. In the second 
section, we define the generalized characteristic and present the First and 
Second Fundamental Theorems, and present some other properties of the 
generalized characteristic. In the third section, WC present several applications. 
Our most striking application is Theorem 3.1, which says that if f is a 
holomorphic function in the unit disc, with many zeros there, then 
provided that B is analytic on the unit circumference. This assertion fails for 
each nonanalytic B. 
1. AN ANALYSIS OF SEQUENCES OF COMPLEX NUMBER.S 
By Z == {z~} we denote a sequence, finite or infinite, of nonzero complex 
numbers in the open unit disc 
II = {z : j .z : i 1). 
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The same number may occur several times in Z, but we insist that Z have 
no limit points in D. 
1.1. DEFINITION. Given a sequence Z, WC define, for k = 0, f 1, 
f 2,..., 
where the path of integration is the radial line segment joining f/r to Y/Z, . 
REMARK. In case k = 0. then 
In case k > 0. then 
Nk(Y, Z) =a, T<? I($,” - (+)“I * 2” . 
I .2. DEFINITION. Given a sequence Z, we define, for k = 0, f 1, f 2, . 
nk(y, Z) =: + 1 
Iz”l4r 
l(k)” + (%)“I . 
1.3. PROPOSITION. We have 
Nk(y, z) = ,-’ nk(t, z) $ . 
0 
1.4. PROPOSITION. We have 
flk(y, z) = y $ Nk(r, z). 
The proofs of these propositions are trivial, and we omit them. 
1.5. REMARK. We have 
?zo(Y, Z) = ?z(Y, Z) = c 1. 
I%lGr 
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1.6. KE.MARK. M’e have 
IV&, Z) 7 N(T, Z) = 1 
I%lsr 
log + . 
n 
The notations tl and A’ are standard from the Nevanlinna theory of mero- 
morphic functions. The proofs of these remarks are trivial, and we omit them. 
1.7. TRIGONOMETRIC POLYNOMIALS. We consider here trigonometric 
polynomials 
\Ve write 
B(z) = f  pL-z” and B*(z) = 5 f!lk2k. 
k--m k=-m 
With a slight abuse of notation, we write 
B(B) = B(P) and B*(O) = B*(eie). 
Many of our results involving trigonometric polynomials B will hold 
equally well, by virtually the same arguments, for functions B(z) = 1 p&, 
k = 0, f  1) f  2 ,..., that are holomorphic in an annulus that contains the 
unit circumference {z : 1 z 1 := I} in its interior, but we sacrifice some of this 
generality for ease of exposition. 
1.8. DEFINITION. For a sequence Z and a trigonometric polynomial B, 
we define, for Y  < 1, 
where the integration is along the radial line segment joining &/r to r/a;, . 
1.9. DEFINITION. For a sequence Z and a trigonometric polynomial B, 
we define, for Y  < 1, 
?zg(Y, 2) .= + 
,.& lB* ($I+ B* (+)I * 
We remark that there is a slight abuse of notation, but one that is most 
unlikely to cause any difficulty, in case B is the constant trigonometric 
polynomial B(0) = K. 
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1.10. PROPOSITION. We have 
NB(Y, 2) = ,: qj(t, 2) q . 
1.11. PROPOSITION. We have 
n&, 2) = T $ NB(Y, Z). 
1.12. PROPOSITION. We have C (1 - 1 z,, I) = 00 if and only if 
limN(r,Z)=ooasr+l. 
The proofs of these propositions are trivial, and we omit them. The next 
result has an immediate function-theoretic corollary. 
1.13. THEOREM. Let Z be a sequence such that I( 1 - 1 z,, I) = 03, or, 
equivalently, lim N(Y, Z) = CO as Y  + 1. Then for any trigonometric polynomial 
B, we have 
PROOF. Since for each p with 0 < p < 1, there are at most finitely many 
elements of Z whose modulus does not exceed p, we have, for 0 < p < Y < I 
that 
NAY, Z> = + p,< ,;,<r ,:‘;I B*(t) q + O(l). 
n 
Given E > 0, choose p so close to 1 that 
SUP [I B*(t) I : P < ! t I < +I < (1 + E) II B I’m, , 
where 
Then we have 
4 B Ilm = SUP 0 BP) I: -7r,<tl<T}. 
+ 4 II B IL 1% & . 
Consequently, we have, for p < Y < 1, that 
I N&, Z) I < (1 + 4 II B IL N(Y, 2) + O(l), 
and the result follows on dividing by N(r, Z), letting Y--C 1, and then letting 
E --f 0. 
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1.14. REMARK. Under the above hypotheses, the same methods prove 
that for each real number q, wc have 
In particular, then, each limit point, as Y  + 1 -, of the ratio NB(r, Z)/N(r, Z) 
is contained in the convex hull of the range of B*(v). 
1.15. PROPOSITION. If B is a real trigonometric polynomial, then Q(Y, Z) 
and NB(y, Z) are real functions of Y  for each sequence Z. 
PROOF. Because H is real, we have /3-k = & for each k, and on writing 
z, = y,,eien, we have 
and it follows that ng(y, Z) is real. From Proposition 1.10, it follows that 
.VB(y, Z) is real. 
1.16. PROPOSITION. If B is a positive trigonometric polynomial, and if Z 
is any sequence, then there is a bounded function b(r) = b(~ : Z, B) defined 
for 0 < Y  < 1 such that NB(y, Z) >, b(r). 
PROOF. We have seen above that because B is real, B*(z) + B*(ljg) is 
real. By the continuity of R, there is a number ye with 0 < ye < 1 such that 
B*(z) + B*(l/z) > 0 for Y,, < 1 z / ==c I/Y,. It follows that if I z, ) 2 r,, , 
then 
/?(Y, 2,) = s:‘:: B*(z) $ > 0. 
This is because the integral is along the segment joining ,?,JY to Y/Z,, , and 
we may write, if ei@n is the point where this segment intersects the unit circle 
B(y, %> = j;g: /B*(z) + B* (;)I $. 
n 
We now write, for r > r, 
and on letting b(r) be the first sum above, the result is proved. 
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1.17. PROPOSITION. If B is a positive trigonometric polynomial, say 
B(e) > m > 0 for all real 8, then for any number m’ with 0 < m’ < m, we 
have 
Iv&) 2 m’N(r) - b(Y), O<Y<l, 
where b(r) = b(~ : Z, B) is a bounded function of Y. The proof is essentially 
the same as that of the preceding proposition, and we omit it. The next 
result was actually proved in the proof of Theorem 1.13. 
1.18. PROPOSITION. If B is a real trigonometric polynomial with B(B) < M 
for all 0, then for any number M’ with M’ > M, we have 
NBC4 G M’W) + b(r), O<Y<l, 
where b(r) = b(~ : Z, B, M’) is a bounded function of Y. 
2. THE GENERALIZED CHARACTERISTIC 
We may now introduce the generalized characteristic function associated 
with a meromorphic function in the open unit disc D. We denote by 
W = W(j) = {w,}, n = 1, 2, 3,... the sequence of poles off, with multiple 
poles entered according to their multiplicity. By Z = Z(f) = {z~}, n = 1, 2, 
3 ,...I we denote the sequence of zeros off, with multiple zeros entered 
according to their multiplicity. We assume throughout that f (0) # 0, 03. 
Otherwise, minor changes must be made. As in Section 1, we let B be an 
arbitrary trigonometric polynomial. 
2.1. DEFINITION. We let 
%?(r,f) = %(Y, W(f)). 
2.2. DEFINITION. We let 
N&,f) = N&Y W(f)). 
2.3. DEFINITION. For a complex number a, and a meromorphic function 
f, we let 
%l(y, 4 = %I (Ysf*J * 
We also let 
409/18/3- 12 
572 HL’BEI. 
2.4. DEFINITION. For a complex number a and a meromorphic functionf, 
we let 
We also let 
N,(r, a) = IyB (Y,f&) . 
XB(Y, m) = NB(Y,f). 
2.5. DEFINITION. If F and G are two square-integrable functions defined 
on [--- 77, x], we write 
(I;, G) = & 1’ F(0) e(e) de. 
--II 
1Ve use the standard notation 
log+ x = max (0, log x), s =; 0. 
2.6. DEFINITION. If f is a function defined in 
D ={z: Iz! < I), then by f,, 0 < T c: 1, 
we denote the function defined by 
f&) = f w. 
We sometimes writefT(0) forf(reie). 
2.7. DEFINITION. If B is a trigonometric polynomial and if f is mero- 
morphic in D, then we define 
m&if) = (log+ if, I , B) = & 1: (log+ I fW> I> B(e) de. 
77 
We call mB(y,f) the B-proximity function associated with!. 
2.8. DEFINITION. For a complex number a, a meromorphic function f, 
and a trigonometric polynomial B, we let 
We also let 
mg(z, a) : 1 mB kjf i 
- . 
a j 
m&, a~) = m&,f). 
2.9. DEFINITION. By TB(y,f), the generalized characteristic function 
associated with f (with respect to the trigonometric polynomial B), we mean 
the function 
Tdr,f) = mdy,f) + Ndy,f). 
We shall also call TB(y, f) the B-characteristic associated with f, or simply, 
the generalized characteristic off. We shall show later that the generalized 
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characteristic has many of the properties of Nevanlinna’s characteristic, at 
least if suitable restrictions are placed on the trigonometric polynomial B. 
We call the next result the generalized Jensen theorem. 
2.10. PROPOSITION. For any trigonometric polynomial B and for any 
meromorphic function f  in the open unit disc D, there exists a bounded 
function b(r) = b(r : f ,  B) such that for 0 < r < 1, 
(1% If7 I , B) = NE (r, +, - NLf(r,f) + b(r). 
The proof of this result depends on the next lemma, which was proved in 
[3], and was subsequently proved by another method in [1] and [2], where it 
served as the basis of a method for studying certain properties of meromorphic 
and entire functions. We write the lemma in the notation of this paper, and we 
omit the proof. We remark that if {ak} is as defined in the lemma, then 
the function b(r) above is given by 
b(r) = c q&k. 
2.11. LEMMA. If f  is a meromorphic function in the open unit disc D, with 
zero sequence Z and pole sequence W, f  (0) # 0, 03, and with 
near 2 = 0, then 
log 1 f,(d) 1 = log 1 f(re’“) 1 = C ck(r) eik8, 
where the Fourier coefficients ck = ck(r) are given by 
ck(l) = ; “J’k’ + Nk (r, +) - Nk(r, f), 
where we use the conventions that ak is the complex conjugate of apk for k < 0, 
and that LX,, = 2 log ) f(0) 1 . 
As mentioned above, there are simple modifications iff(0) = 0 orf(0) = ~0. 
PROOF OF PROPOSITION 2.10. By the Parseval relation, we have 
(loi? If? 1 > B, = c ck(r)pk 
and the result follows since C/?ka~lkl is a finite sum. 
2.12. THE FIRST FUNDAnlENTAL ‘I’HEOFUCM. I f  f  is a meromorphic funr 
tion in the open unit disc D and if R is a trigonometric polynomial, then for ~urlt 
complex number a, the d@rence 
~‘i?(y,f) - “B(Y>f&) 
is a bounded function of T for 0 c< r < 1. 
The proof proceeds exactly as the proof [4] of the First Fundamental 
Theorem of Nevanlinna Theory, and we omit it. 
2.13. PROPOSITION. If f  is a meromorphic function in the open unit 
disc D, and if B is a positive trigonometric polynomial, then there is a bounded 
function b(r) = b(r : f ,  B) such that for 0 < Y < 1, 
PROOF. It is clear that m8(r,f) > 0, and the result follows on applying 
Proposition 1.15. 
By following the argument of Cartan [4, p. 1781, we obtain an alternative 
formulation of the generalized characteristic. Its connection with the first 
formulation is expressed in Theorem 2.12, whose proof we omit. 
2.14. DEFINITION. Let 
2.15. THEOREM. The d@rence 
T&,f) - G(yLf) 
is a boundedfunction of I for 0 < T < 1. 
2.16. PROPOSITION. We have 
PROOF. This follows directly from Proposition 1.11. 
2.17. THEOREM. I f  B is a positive trigonometric polynomia and if f  is a 
mesomorphic function in the open unit disc II, then there is a function K(r, f) 
that is a convex function of log T, such that the d@wnce, Ts(y,f) - K(r,f) 
is a bounded function of T. 
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PROOF. We have, for each v, with - n < v < X, that 
where Z( f : p’) = {zn(~)}, tl = 1, 2, 3 ,..., is the sequence of points z,(v) in D 
such that f(zn(v)) = eiv. Choosing a number p, with 0 < p < 1, such that 
B*(z) + B*(l/5) > 0 for p < 1 z : < 1, we write 
where 
Ns y, ( 
1 




y,- f - eiv 1 
and A(r, q) is the difference between hrB and A$“‘. Then we have 
TB*(r,f) = & j” A’ (c f&) 4 = 4~) + K(y), -77 
where 
and 






f- 1 = fp<,z;J,,r k* ( z&) ) + 13* (*)I * 
Since 
for each I, v, we deduce that K(r, f) is a convex function of log r. Since we 
have shown in Theorem 2.12, that TB differs from 7’$ by a bounded function 




E” cd IT 
B*(t) f < (log A) II B lirn 
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so that 
+ I! B I!= ilog (:)I -&p n (P,~&) do, 
= 11 B IL T*(d) + II B Ilm [log (:)I &- IT n (p,i&) dp. -37 
Now log (44 < log (1 Id. M so choosing a number p’ with p < p’ < 1, we 
have, using a slightly abbreviated notation, 
so that 
and we consequently have 
Combining these results, we have 
44 < M 
where 
M = II B IL P*(p,f) i T*(p’,f)I 
and the result is proved. 
The next result is somewhat discouraging, since it says that for many 
meromorphic functions f, the generalized characteristic with respect to a 
strictly positive trigonometric polynomial is not much different from the 
classical characteristic. On the other hand, we shall see in our applications 
that it is often most useful to consider non-negative trigonometric polyno- 
mials that have one or more zeros. 
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2.18. THEOREM. Let B be a strictly positive trigonomelric polynomial, and 
let f be a muomorphic funciion in the open unit disc D such that N(t, f) is 
unbounded. Then there exist positive constants c and C such that 
cT(r,f) < T~(y,f) < CW,f) 
fur all Y su$i&ntly close to I, r < 1. 
PROOF. It is easy to see that if 0 < a < B(0) < b, - 7r < f? < r, then 
am(r,f) < mdr,f) < Wr,f). 
Furthermore, by Proposition I. 17, we have NB(r, f) < b’N(r, f) + b(r), 
where b(r) is a bounded function of Y, if we choose b’ > b, so that if we choose 
C > b’, then NB(r, f) < CN(r, f) for all Y sufficiently close to 1, Y < 1. 
But an analogous argument establishes that, for a suitable constant c, we 
have N,(r, f) 3 cN(s, f) under similar conditions on Y, and the result 
follows. 
The next result is considerably deeper than the preceding results, and is 
proved exactly as the corresponding result was proved in [5]. One just replaces 
the quantities m, N, T, etc. there by mB , NB , TB etc. We omit the details. 
2.19. THE SECOND FUNDAMENTAL THEOREM. If B is a non-negative 
trigonometric polynomial and ;f f is meromorphic in the open unit disc D, then 
for anyfinite set {a,}, v = I, 2 ,..., q of complex numbers, we have 
mB(r,f) f i mB(r! a,) < 2T&,f) - %(r,f) + Sfl(y,f h 
Fl 
where 
W,(r,f) = NB (c +) + 2N&,f) - N&,f”, 
and 
S&,f) = mB(I, $) + ,B(,, if&). 
F-1 Y 
Furthermore, we have that 
and that 
where 
S(l,f 1 = m b, 5) + m (r, $f-&-) 
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Also,wehavethatifr<H<l 
S(r,f) < 3(1 + q) log+ V,f) + 8 log’ & . 
Y 
Finally, we have that 
S(y,f) = o(V,f)) as Y-+1--, Y E E, 
where E is a set such that 
dr 
-<a 
E’ 1 - Y 
provi&d that 
li,?,nf T(y,f) = c/3 
log&- Y 
Here, E’ is the complement of E. 
3. APPLICATIONS 
We first give an application of the generalized Jensen theorem to functions 
holomorphic in the unit disc. 
3.1. THEOREM. Let f be a holomorphic function in the open unit disc D, 
and suppose that f has many zeros there, in the sense that C (1 - 1 a, .I) = CC, 
where {z,,} is the sequence of zeros off. Then for any fundion B analytic on the 




B(eie) log If (red”) 1 de / 
liy+_s_uP 1 -w n 
I 
< II B Urn , (3.1) 
2n -n 
log \f(rei6) / do 
(1 B Ilm = sup {I B(eie) 1 : - n < 8 < x). 
Furthermore, if B belongs to L2[- T, TT] but is not analytic on the unit circum- 
ference, then there exkts such a functia.ffur which the lim sup in (3.1) is + 03. 
More generally, one can prove, in case B is analytic, that the set of limit 
points, as Y + 1 -, of the ratio in (3.1) is contained in the convex hull of 
the range of B(eie). 
PROOF. First, suppose B is a trigonometric polynomial. By Proposition 
1.12, the condition thatf have many zeros is equivalent to the condition that 
lim N(r, l!f) -1 co as Y - 1 -. By this and Proposition 2.7, since f is 
A GENERALIZED CHARACTERISTIC 579 
holomorphic, the ratio in (3.1) is asymptotic to Ne(r, I/f)/Iv(r, l/f), and on 
applying Theorem 1.13 and Remark 1.14, the proof is done. The case where 
B is analytic is quite similar. We write 
(log If, Iv B) = (log+& >B +<logIH,I,B), ) 
where H, is a finite Blaschke product, so chosen that fi/Hr has no zeros 
outside the annulus where B is analytic. Since H, + 1 as r -+ 1 -, the term 
(log 1 H, 1 , B) causes no trouble, and the analysis of the term 
(log (I fAll 4 I), B) g oes much as above, when B was a trigonometric 
polynomial - we omit the details. 
For the proof that (3.1) fails for nonanalytic B, we need the next lemma. 
LEMMA. If B E L*[ - VT, 7~1 but is not analytic, then there exists a function U 
harmonic in the unit disc D, with U(0) = 0, such that (U, , B) is unbounded. 
PROOF. We write 
B(eie) = 1 jIBeike 
Because of the nonanalyticity of B, we have either that xk,,, &.zI has radius 
of convergence 1, or that C ki,, /I& has radius of convergence 1. Suppose it 
is the first. We choose A, so that A&& is non-negative, x A& = co, and 
A, = 0, and then let 
The function U is harmonic, and we have 
so that U satisfies the requirements. 
Proceeding with the proof of the theorem, we suppose given a nonanalytic 
function B. We choose U as above, and let h = exp (U + iv) where w is the 
harmonic conjugate of U with o(O) = 0. Next, we choose g holomorphic in 
D such that N(r, l/g) + co, but so slowly that N(r, l/g)/(B, U,) + 0. Such 
a function g can be constructed easily as a weighted Blaschke product, say. 
Let us write f = gh. Since h(0) = 1, we have (log I h, I , 1) = 0. Then 
<log I fr I 3 B) = <log I g, I , JO + <log I 4 I , B) 
<log !f+ I9 1) (logIg,l,l) (logIg,l,l)’ 
and it follows that either 
(log Ifi i , B) 
<loglf,l,l) Or 
(log If, I s B) 
(1% Ii!, I* 1) 
is unbounded as Y  + 1 -. 
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3.2. THEOREM. Let f  be a holomorphic function in the open unit disc D, 
and suppose that f  has few zeros there, in the sense that x (1 --- 1 z, I) i co. 
Then for any function B analytic on the unit circumference, 
1 n 
2n -n I 
B(e) log If(re’@) 1 d0 (3.2) 
is a bounded function of r as r -+ 1 - . If B belongs to L2[- r, x] but is not 
analytic, then there is such a function f  for which the integral (3.2) is unbounded. 
The proof of this result is along the same lines as the preceding proof, and 
we omit it. 
\Ve recall that the complex number a is called a deficient value of the mero- 
morphic function f provided that 
It is one of the main points of the Xevanlinna theory that, in various precise 
senses, most numbers a are not deficient values of a given functionf. 
3.3. THEOREM. Suppose that j is holomorphic in the open unit disc D, that 
0 is not a deficient value off, and that the only limit points of the zeros of f  
are the jinitely many points exp (ie,), j = 1, 2 ,.,., n. Then as r -k I - , 
ST (log+ lf(re3 1) c (8 - e,)* dfl = 0 (J:, log+ \f(reie) \ de) . 
-n 
\Ve remark that this assertion is equivalent to the assertion that 
I, log+ \f(refi) 1 de = o (s-iv log+ If(reie) I de) 
over any closed set E that contains none of the points 0,. Thus, the exact 
form of the factor n (0 - Qz is not important. Professor W. K. Hayman 
has expressed the opinion that this result could be obtained by conformal 
mapping techniques but we have not looked into this. 
PROOF. Let us choose 
B(e) = l-j (I - cos (e - e,)), 
so that B(B) > 0 for - 7r < 0 < =, B*(&) = 0 for j = 1, 2 ,..., n, and 
B(8) > 0 for all other 8 in the interval - r < 0 < n. For some positive 
constant C, 
B(e) 2 c n (e - e,)*. 
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It suffices to prove that for this trigonometric polynomial B, we have, as 
r-+1 -, 
%(Y,f) = 4W,f))7 
since m(r,f) = T(r,f). B ecause B vanishes at the points {0,}, an estimate 
along the lines of that in Theorem 1.13 shows that, as Y -+ 1 - , 
Ns (6 +, = 0 (N (c $)) * 
From Proposition 2.7, using the fact that f is holomorphic, we have then, 





since, by hypothesis, 0 is not a deficient value off. Hence, 
m&,f> = (log+ If I , W = 0 (N (c +)) , 
and the result is proved. 
The next result says, in effect, that if f  is meromorphic in the open unit 
disc, and if there are three values off that cluster only along finitely many 
rays, then all the values off tend to cluster mainly along these rays. The 
The remarks made after the statement of the last theorem apply equally 
here. 
3.4. THEOREM. Let f  be meromorphic in the open unit disc D, and let there be 
three values a, , a2 , a3 in the extena%d complex plane such that all the ai values 
off, for i = 1, 2, 3 have only thjnitely many points exp (ie,), j = 1, 2 ,..., .n as 
limit points. Let B be a non-negative trigonometric polynomial such that B(8,) = 0 
for j = 1, 2,..., n. Thenas+l -, 
T&,f 1 < S&,f) ‘- o(W,f )> + b(r), 
where b(r) b a boundedfunction of Y. 
in particular, for each complex number a, we have 
as r - 1 -, r E E, uhere E is a set such that 
I 
-i!- <. z 
E’ 1 - T 
(E’ is the complement of E) provided that 
lim inf 1 W9f) _ ~ . 
log - 
1-Y 
PROOF. Applying the generalized Second Fundamental Theorem, we have 
ms(r, a,) + mB(T, 4 -I- m&, 4 d 2Tdr,f) + sd~,f). 
On adding Xs(r, a,) + N~(T, a*) -1 :vS(r, as) to the above, we get, using 
the First Fundamental Theorem. 
3T,(r,f) d 2T&,f) .- S&,f) + b(r) f  NB(y, a,) + -VAT, 4 + NB(~, 4, 
where b(r) is a bounded function of Y. Rut since the a, , a2, a3 values off 
cluster only along the finitely many rays of angle Bj , j -y 1, 2,..., n, we have 
NB(r, ai) = o(N(r, f  )) 
as I + 1 - for i = 1,2, 3. Consequently, we have, as Y  -+ 1 -, that 
Te(r,f) s S&,f) + b(r) -4 o(W,f)), 
and the first part of the result is proved. 
The second part follows also from the generalized Second Fundamental 
‘fheorcm, and the fact, as shown in the proof of the last theorem, that 
B(0) > CJJ, (0 - 8j)‘. 
3.5. THEOREM. Suppose f  is a holomorphic function on the open unit disc. 
Then f  cannot have two nondeficient values distributed on two nonintersecting 
finite sets of rays through the origin. 
PROOF. Denote the two values by a and a’, and suppose that the a-values 
lie on the rays with angles Sj, while the a’-values lie on the rays with angles 
0; . Let B(0) = n (1 - (COS (0 - 0,)) and B’(0) = n (1 - cos (0 - 0;)). 
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Then by Theorem 3.2 we have 
/ (log+ !f(reig) - a ( B(0) de = 0 (1 (log+ If(Yeti) - a I) de) 
J” (log+ If(reie) - Q’ 1 R(B) dfl - 0 (1 (log+ lf(Ye3 - ~2’ I) dfi). 
Supposing, for simplicity, that a .-. 0, we immediately obtain 
1 (log+ If(reis) , B(e) de = 0 (1 (log+ If(Y@) I) de) 
1 (log+ If(reie) ! B’(e) de = 0 (1 (log+ jf(Yeie) I) de) . 
But since B(O) 1. B’(B) > 6 > 0 for all 8, addition above gives a contra- 
diction. 
3.6. THEOREM. Suppose that f is u holomorphic function in the open unit 
disc, that 0 is not a deficient value off, and that all the zeros off lie on the 
finitely many rays through the origin with angles ej . Suppose that a is another 
nondeficient value off. Then 
where 
.b(Y7f&) = op (YYf&)) ! 
B(B) = n (1 - cos (e - 0,)). 
PROOF. Suppose, on the contrary, that 
N&n , (f - W) 3 cwn , (f - a)-% c > 0, Y,-tl-. 
Then we have 
But then TB(yn , (f - a)-‘) 3 cm(r, , f ), and thus TB(yn , f) 3 cm(r, , f  ). 
But TB(yn ,f) = m,(Y, ,f), so that we then have mg(Y, ,f) > cm(r, , f), 
which contradicts Theorem 3.2. 
3.1. COROLLARY. Suppose that f  is u holomorphic function in the open unit 
disc, that 0 is not a deficient value off, that f  has only real positive zeros, and 
that there is a number a such that i f f  (z) = a, thenf( - z) = a. It follows that 
the number a mast be a de$cient value off. 
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